In this article we give partial evaluation of a continued fraction of Ramanujan. We mostly make of use Jacobi elliptic functions.
Introduction
Ramanujan has stated that (see [Ber] pg.21) Theorem 1. Suppose that q, a and b are complex numbers with |q| < 1, or that q, a, and b are complex numbers with a = bq m for some integer m. Then 1 − q 7 + . . .
Also holds (see [Bag,Glas] )
where P − 1 P + 1 = u 0 (a, q).
and P := (−a; q) ∞ (a; q) ∞ 2 .
Also log −1 + 2 1 − u 0 (a, q) = log P
and if |q| < 1, |a/q| < 1, then u 0 (a, q) = 2a 1 − q+ a 2 (1 + q)
Hence log P = log −1 + 2 1 − u 0 (A, q) = 4
(2n + 1)(1 − q 2n+1 ) .
If t is a complex parameter set A = iq 1/2 e itπ/(2K) and derivate (7) with respect to t, then
Hence with the same method as in [Bag,Glas] Proposition 2.18 we have d dt log −1 + 2 1 − u 0 (a, q) = −k r cd(q, t) − i · k r ss (−q, k
where ss = ss(q, u) := 2π Kk r ∞ n=0 q n+1/2 sin (2n + 1)
Hence after integration of (9) from 0 to θ we get (having in mind [Bag] ) the next:
Proof.
We have the relation
where K * = K(k * r ) and k * r corresponds to the change of sign q → −q. It have been shown in [Bag] that
From (9) with integration we get (11). qed
Also if θ(a) and θ(b) are modular angles, where
then also
and holds
.
(13) In case a, b ∈ R and {a} = {b} = c, ({x} is the fractional part of x) we have evaluated successfully (13) in [Bag,Glas] .
Notes.
From the identities
if we assume that a ∈ N = {1, 2, 3, . . .}, then
Moreover if we define θ {a,p} as
then
and
Also from the Jacobi triple product identity (see [An] th.13-8 pg.169-170 and exercise 3 pg.178)
where
Further
Hence we get the next evaluation Theorem 2.
or equivalently the next continued fraction expansion
Note that theta functions are equivalent to elliptic functions and evaluations in terms of the last can given.
2 Evaluations of U with theta functions and series with divisor coefficients
We now define (see [Bag1] ):
[a, p; q]
and [a, p; q]
We call [a, p; q] ± ∞ agiles. Multiplying the two "agiles" we have
But, in view of (4), (5) and
,
Hence from Theorem 2 (relation (19)) we get
Relations (27) and (22) lead us to the next
and a, p; q
But the Rogers-Ramanujan continued fraction is
Hence
Hence we get the next evaluation
Generalizing the above arguments for Ramanujan quantities we can write 
Notes.
i) The above theorem is based on the next argument, which is elementary to prove: If a, b are odd positive integers and p in even positive integer and a < b < a+b < p, then R(a, b, p; q 2 ) = R(a, b, p; q)R(a, b, p; −q).
ii) On the other hand it have been proved in [Bag1] that
Using Theorems 2,5, we get [a, p; q]
Hence
Theorem 6. If 0 < a < p and |q| < 1, then holds the following continued fraction expansion
Moreover if a, p are positive integers, then
Using relation (7) we get
n,l≥0,n−odd
qed.
In the same way we prove Theorem 7. Let a, b, p be positive integers with a, b < p and |q| < 1. If ǫ = ±1, then
Corollary. If a, p are positive integers with a < p and |q| < 1, then
Notes. If a, p positive integers and |q| < 1, then i)
where σ 1 (n) is the sum of positive divisors of n. ii)
log [a, p; q]
and log [a, p; q]
iii)
Theorem 8. Let a, b, p be positive integers such a, b < p and −1 < q < 1, ǫ = ±1, then
Proof. Straight forward evaluation using Theorem 7.
Theorem 9
If q = e −π √ r , r > 0, x, y real and a, b, p integers such 0 < a, b < p, then
Use the identity
along with (4),(5) and
. (58) qed Having proved the above theorem we can easy state
r , r > 0 and x, y ∈ R such |xq| < 1, |yq| < 1, then
3 The recovery of ss(q, u) function
In this section we give rise to the evaluation of ss(q, u)du and hence to ss(q, u) up to a Jacobi modular angle. After that we proceed with the analytical study of the function ss, we also give some applications concerning older results (see [Bag] , [Bag,Glas] ). These connections are indeed very interesting since they fill large gaps in the literature.
Theorem 10. If a, x, y are real with 0 < a < 1, 0 ≤ x < 1 2 and y > 0, q = e(z), where z = x + iy, and
Proof. If a, x, y and θ 1 , θ 2 as in the statement of the theorem, with
is satisfied and from Proposition 1 and definition-relation (12) we get the result. qed From relations (59),(11.4) and the definition-relation (10), we get (with the notation of Theorem 10):
Hence more clear Theorem 11. Let a, x, y, θ 0 , θ 1 , θ 2 be as in Theorem 10, then the nome is q a = iq 1/2 e πiθ0/(2K) and hold the following relations:
where m ′ (q) := 1 − m(q) 2 .
Proof.
Relation (61) follows from (60), Theorem 10 and Theorem 12 below. The relation (62) follows from (9), (4), (5), (12) and Theorem 12 below. qed
If the nome is q a = iq 1/2 e iπθ0/(2K) and set θ(a) := θ(q, a), θ * (a) := θ(−q, a), then from (8), (4), (12) we have
such that
Relation (63) can be written also as
Hence we get the next Theorem 12.
Let q = e(z), z = x + iy, y > 0, 0 ≤ x < 1 2 and θ 0 as in Theorem 10 i.e it holds q a = iq 1/2 e iπθ0/(2K) , then
Continuing our arguments, from [Bag] relation (44) and the present Theorem 11 we have:
where cd 1 (q, u) is the function defined in [Bag] as
Hence we get:
Theorem 13. If we consider the nome
which can parametrized as in Theorem 10, then
Also from [Bag] is
Moreover if q = e(z), z = x + iy, x, y reals with y > 0, 0 ≤ x < 1 2 , 0 < a < 1 and θ *
and holds the next relation (set q → −q in (69)):
But also is
Hence from (72),(73) we get
and we lead to the next theorem:
Hence making use of Theorem 13 with w 1 = θ 0 , we have again obviously:
If y > 0 and a = 1 2 , x = 0, q = e(z) = e −2πy and θ 1 = −K, θ 2 = 0. Then
and from [Bag] Corollary 2 with y = √ r 2 :
Application 3. If a = 1, x = 0, y > 0, then q = e −2πy and
Application 4. Set a = 1 2 , x = 0, y > 0, then q = e −2πy and θ * 0 = −K * = −K(m(−q)). Hence from Theorem 16 relation (79) we have 
where θ * (a) := θ(−q, a), q = e −2πy , y > 0. ii) When q = e(z), z = x + iy, y > 0, 0 < x < 
iii) Taking the logarithms in both sides of (12) and expanding them, then differentiate with respect to x, we get after using divisor sums dθ(x) dx x=a = 2q a log(q) 1 − q 2a + 2 log(q)
This relation holds for a nonnegative integer. Hence (84) becomes (q = e −2πy , y > 0): 
Application 5.
